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Tropical nearby monodromy eigenvalues
Alexander ESTEROV ∗
March 12, 2019
We study nearby monodromy eigenvalues – the eigenvalues of the monodromy
operators of singularities, adjacent to a given singularity of a holomorphic function
f : (Cn, 0) → (C, 0). More precisely, we express some of such values in terms of a
toric resolution of the image of f = 0 under a suitable embedding Cn →֒ CN . The
expression is given it terms of the exceptional divisor strata of arbitrary codimension,
in contrast to the classical A’Campo formula that consumes only codimension 1
strata and produces only monodromy eigenvalues at the origin. For this purpose,
we introduce tropical characteristic classes of germs of analytic sets, and use this
calculus to detect some of the nearby monodromy eigenvalues, which we call tropical.
The study is motivated by the monodromy conjectures by Igusa, Denef and
Loeser: every pole of an appropriate local zeta function of f induces a nearby
monodromy eigenvalue. We propose a stronger version of this conjecture: all poles
of the local zeta function induce tropical nearby monodromy eigenvalues.
In particular, if the singularity is non-degenerate with respect to its Newton
polyhedron N , then the tropical monodromy eigenvalues can be expressed in terms
of fiber polytopes of certain faces of N , so our conjecture (unlike the original ones)
becomes a purely combinatorial statement about a polyhedron. This statement
is confirmed for the topological zeta function and n 6 4 in a joint work with A.
Lemahieu and K. Takeuchi, which, in particular, supports our conjecture and proves
the original one by Denef and Loeser for non-degenerate singularities in 4 variables.
1 Introduction
Let f : (Cn, 0)→ (C, 0) be a germ of a holomorphic function, non-degenerate with respect
to its Newton polyhedron N . The Varchenko formula [33] expresses the ζ-function of the
Milnor monodromy of f in terms of N . For all sufficiently small x0 ∈ C
n, the nearby
singularity germ
fx0 : (C
n, 0)→ (C, 0), fx0(x) = f(x0 + x),
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is well defined. However, for n > 4, this germ may be degenerate with respect to its
Newton polyhedron, so its Milnor monodromy ζ-function, denoted by ζx0, may be out of
reach of the Varchenko formula (see Example 7.4 in [11], which inspired this work).
We shall refer to the roots and poles of ζx0 as monodromy eigenvalues of f at x0,
and define nearby monodromy eigenvalues of f as the complex numbers that appear as
monodromy eigenvalues of f at arbitrarily small x0.
We aim at computing nearby monodromy eigenvalues in terms of the Newton polyhe-
dron N . To address this question, we shall assign to every lattice polyhedron N the set
of its tropical nearby monodromy eigenvalues (abbreviating to t.n.e., see Definition 5.16
below) with the following property.
Theorem 1.1 (Corollary 5.17). Every t.n.e. of the polyhedron N is a nearby monodromy
eigenvalue of every non-degenerate singularity f with the Newton polyhedron N .
Remark 1.2. T.n.e. include all roots and poles of the monodromy ζ-function of f , but in
general we do not expect them to contain all nearby monodromy eigenvalues of f (neither
do we have counterexamples to this optimistic expectation).
The study of nearby monodromy eigenvalues is motivated in particular by the Denef–
Loeser monodromy conjecture [5]: for every pole q of the topological ζ-function of f , the
number exp 2πiq is a nearby monodromy eigenvalue. We expect that our notion of t.n.e.
allows to make this conjecture more constructive as follows. Recall that Denef and Loeser
[5] found an expression for the topological ζ-function of a non-degenerate singularity f in
terms of its Newton polyhedron N ; we denote this expression by ZN .
Conjecture 1.3 (Polyhedral Denef–Loeser conjecture). For every polyhedron N and
every pole q of ZN , the number exp 2πiq is a t.n.e. of N .
Unlike the original Denef–Loeser conjecture for non-degenerate singularities, this
(stronger) conjecture is a purely combinatorial statement about lattice polyhedra in all
dimensions. For n 6 4, it is proved in [11] (which, together with Theorem 1.1, implies
the original Denef–Loeser conjecture for non-degenerate singularities of functions of four
variables).
The scope of this paper is not restricted to singularities that are non-degenerate with
respect to Newton polyhedra: we shall actually introduce the notion of tropical nearby
monodromy eigenvalues in the more general setting of embedded toric resolutions in the
sense of Teissier [30]. More specifically, let f : (S, 0) → (C, 0) be a holomorphic function
on a germ of an analytic set. We do not impose any non-degeneracy assumptions this
time. The case (S, 0) = (Cn, 0) is relevant to the original Denef–Loeser conjecture, but
the results below will be valid for any S.
Definition 1.4. An embedded toric resolution of f consists of a germ of a proper em-
bedding i : (S, 0) →֒ (CN , 0) and a toric blow-up π : Z → CN with the set of orbits E ,
satisfying the following properties:
1. The preimage π−1(0) is a compact union of a certain collection of orbits E∅ ⊂ E .
2. The images i(S) and i(f = 0) intersect the torus (C \ 0)N by their dense subsets,
denoted by S and X respectively.
3. The strict transforms of X ⊂ S under π, denoted by Y ⊂ W , are smooth in a
neighborhood of π−1(0) and intersect transversally each of the orbits E ∈ E∅ (and hence
each of E ∈ E) by smooth sets YE and WE respectively.
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For every germ of a holomorphic function f , admitting an embedded toric resolu-
tion π, we shall define the set of tropical nearby monodromy eigenvalues (t. n. e.) Mf,pi
(see Definition 5.9 below) that depends only on the combinatorics of Z and the Euler
characteristics of connected components of the strata WE \ YE , E ∈ E∅.
Theorem 1.5 (Theorem 5.11). For every embedded toric resolution π of a singularity f ,
every t. n. e. is indeed a nearby monodromy eigenvalue.
Conjecture 1.6 (Constructive Denef–Loeser conjecture). For every embedded toric res-
olution π of a singularity f and every pole q of the topological ζ-function of f , we have
exp 2πiq ∈Mf,pi.
Remark 1.7. 1. We extract nearby monodromy eigenvalues from topology of orbits
E ∈ E∅ of arbitrary codimension, while the Varchenko [33] and, more generally, A’Campo
[1] formulas consume only codimension 1 orbits and produce only monodromy eigenvalues
at the origin. Roughly speaking, we shall say that a t. n. e. has codimension d, if it is
extracted from orbits of codimension at most d+ 1 (see Definition 5.9).
2. An embedded toric resolution is expected to exist for every singularity f : (Cn, 0)→
(C, 0). Tevelev [32] proved the existence of embedded toric resolutions in a somewhat
weaker sense (omitting the assumption i(0) = 0 of Definition 1.4, because this condition
makes no sense in the global setting studied by Tevelev). Since the present work does
not readily extend to the setting of arbitrary Hironaka resolutions, it gives yet another
example of motivation to further develop the technique of toric embedded resolutions.
3. Conjecture 1.3 is a special case of Conjecture 1.6 for non-degenerate singularities.
However, restricting our attention only to non-degenerate singularities and their classical
toric resolutions would not simplify the present paper. In this sense embedded toric
resolutions provide a natural setting for the study of t. n. e.
4. I do not know whether the set Mf,pi coincides with the set of all nearby monodromy
eigenvalues of f , but I expect it does not (i.e. the conjecture above is strictly stronger
than the original Denef–Loeser conjecture).
5. It would be natural to expect that Conjectures 1.3 and 1.6 extend to the poles of
local Igusa’s p-adic zeta functions (see [18]): for large p and k, the poles of Zf,Φ(s) =∫
Qnp
|f(x)|sΦ(x)|dx| with Φ = (the characteristic function of pkZnp ) give rise to t. n. e. of
f . The first opportunity to support this conjecture will be to prove it for non-degenerate
singularities of four variables, extending [11] in the same way as [3] extends [24] for three
variables.
The definition of tropical nearby monodromy eigenvalues relies upon the notion of
tropical fans and tropical characteristic classes of germs of complex analytic sets, which
we introduce in Sections 2 and 3. Originally, tropical characteristic classes were introduced
in [10] for algebraic sets with a view towards applications in enumerative geometry. In
Section 4 we adapt the proof of the existence of tropical characteristic classes to the case
of analytic germs.
In Section 5 we introduce tropical nearby monodromy eigenvalues and prove that
they are indeed nearby monodromy eigenvalues. Then we specialize to the case of non-
degenerate singularities. In Section 6 we use the calculus of fiber polyhedra to make the
definition of tropical nearby monodromy eigenvalues of small codimension more explicit
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– the result of this simplification (Corollary 6.15) is used in [11] to prove Conjecture 1.3
in dimension 4.
Extending the results of Section 6 to higher codimension boils down to certain ques-
tions on the geometry of fiber polyhedra (see Problem 6.16 and subsequent remarks).
2 Local tropical fans
Convention. There are two common versions of the definition of support faces and
support functions:
• A face F of a polyhedron N in a real vector space V and a linear function v ∈ V ∗
are said to support each other, if the restriction of v to N takes its maximal (or minimal)
values at the points of F (in this case, F is denoted by Nv).
• The support function of N is the function N(·) : V ∗ → R, whose value at a linear
function v ∈ V ∗ is the maximum (or minimum) of v restricted to N .
• The dual cone C∗ ⊂ V ∗ to a given open cone C ⊂ V is the set of all support vectors
of the vertex 0 ∈ C, i.e. the ones taking negative (or positive) values on C respectively.
The first convention agrees with the (max,+) notation in tropical geometry and is
typical in the study of convex bodies and projective toric varieties. It however implies
that the dual cone to the positive orthant in Rn is the negative orthant, so this object
is sometimes called the polar cone to distinguish it from the conventional one. Due to
this issue, the second convention is more common in the study of toric resolutions of
singularities.
Since the present paper is at the border of the two fields, we never take a side: all the
computations below are written in a way intended to be independent of this choice. The
only exception is Section 4, where we choose the first (maximal/negative) convention to
work with (quasi-)projective toric varieties.
Definition 2.1. An n-dimensional ambient cone C is a pair (L,C), where L ∼= Zn is a
lattice, and C is an open convex rational polyhedral cone in the vector space L ⊗ Q. In
the special case C = L⊗Q, the ambient cone will be denoted by the same letter L. If C
contains the kernel of a given lattice homomorphism p, then the image p(C) is defined as
the ambient cone (p(L), p(C)), otherwise p(C) is not defined.
Now the readers familiar with the ring of tropical fans (see e.g. [13], [19], [29], [14], [25])
can proceed directly to Definition 2.11 at the end of this section. For other readers, we
introduce from scratch the notion of weighted and tropical fans in the context of ambient
cones (along with some notation that we shall use later), and refer to the aforementioned
papers for the proofs.
2.1 Weighted fans
A k-dimensional weighted pre-fan F in the ambient cone C is a finite union SF ⊂ C of
disjoint k-dimensional relatively open convex rational polyhedral cones, endowed with a
locally constant function wF : SF → Q. The set SF and the function wF are called the
support set and the weight function of F .
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Figure 1: several equivalent two-dimensional pre-fans in the plane
A weighted fan is an equivalence class of pre-fans with respect to the minimal equiva-
lence relation generated by the following two instances:
(1) pre-fans F and G are equivalent, if SF is an (open) dense subset of SG, on which
wF = wG.
(2) pre-fans F and G are equivalent, if the weights wF and wG are equal on the
intersection SF ∩ SG and vanish outside of it.
Example 2.2. Informally speaking, this equivalence relation allows to change the sup-
port set of the pre-fan by adding/removing k-dimensional piecewise-linear sets with zero
weights or less than k-dimensional piecewise-linear sets with arbitrary weights. For in-
stance, gray sets and numbers on Figure 1 represent support sets and weight functions of
several equivalent pre-fans in the plane.
If a weighted fan F is represented by a pre-fan F , we shall sometimes write wF instead
of wF , if the choice of the representative does not matter. The support set of a weighted
fan F , denoted by SF , or suppF , is the closure of the set defined by the inequality wF 6= 0.
2.2 Operations with weighted fans
To define the product q ·F for a weighted fan F and a number q ∈ Q, multiply the weight
function of an arbitrary representative of F by q. To define the sum of two weighted
fans, choose their representatives F and G such that SF = SG, and define the sum as the
equivalence class of the pre-fan (SF , wF + wG).
Equipped with these two operations, the set of all weighted fans in the n-dimensional
ambient cone C = (L,C) is a vector space denoted by Zk(C). In particular, every k-
dimensional rational polyhedral cone P ⊂ C, endowed with the unit weight, gives rise to
a fan that will be denoted by the same letter P ∈ Zk(C). These fans (over all cones P )
generate Zk(C).
Definition 2.3. An epimorphism of ambient cones p(C) = C′ gives rise to the direct
image linear map p∗ : Zk(C)→ Zk(C
′), defined on every convex cone P ⊂ C as follows:
– if dim p(P ) < k, then we set p∗(P ) = 0.
– if dim p(P ) = k, then, denoting the vector span of P by U and the lattice index∣∣∣∣p(U) ∩ p(L)p(U ∩ L)
∣∣∣∣
by d, we set p∗(P ) = d · p(P ).
Example 2.4. See Figure 2 for an example of the sum and the direct image of one-
dimensional weighted fans in the plane.
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Figure 2: the sum and the direct image of one-dimensional fans
The localization Pv of a cone P at v ∈ L is the unique cone that is invariant under the
shift by v and coincides with P in a small neighborhood of v (equivalently, Pv is generated
by P and −v if v ∈ P¯ , and Pv = ∅ otherwise). This operation extends by linearity to
the localization Fv ∈ Zk(Cv) of a weighted fan F ∈ Zk(C), where Cv = (L,Cv) is the
localization of the ambient cone C = (L,C).
Example 2.5. The second summand on Figure 2 is the localization of the first one at
v = (0, 1), while the localization at v = (0,−1) is empty.
2.3 Ring of tropical fans
We introduce subspaces of local tropical fans Kk(C) ⊂ Zk(C) such that the sum⊕n
k=0Kk(C) = K(C) has a natural ring structure. Let us start with the classical spe-
cial case C = (Zn,Qn).
A k-dimensional fan F ∈ Zk(Z
n,Qn) is said to be tropical, if, for every epimorphism
p : Zn → Zk, the fan p(F) ∈ Zk(Z
k,Qk) is a multiple of Qk. The space of all k-dimensional
tropical fans is denoted by
Kk(Z
n,Qn) = Kn−k(Zn,Qn).
If Fi ∈ K
ki(Zn,Qn) are tropical fans such that
∑N
i=1 ki = n, then their Descartes product
F1 × . . .× FN ∈ Z
n(Zn × . . .× Zn,Qn × . . .×Qn)
is also a tropical fan, so its direct image under the projection along the diagonal
QNn → Q(N−1)n
equals d · Q(N−1)n. This number d ∈ Q is called the intersection number of Fi and is
denoted by F1 ◦ . . . ◦ Fk. This pairing in the space
K(Zn,Qn) =
n⊕
k=0
Kk(Zn,Qn)
extends to the unique commutative associative multiplication
· : Kk(Zn,Qn)×Km(Zn,Qn)→ Kk+m(Zn,Qn)
such that
(F · G) ◦ H = F ◦ G ◦ H
for all F ,G and H.
We now exted to our context a more constructive way [13] to define tropical fans and
their products, which is more convenient when it comes to explicit computations.
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Figure 3: a book and a bookcrossing
Definition 2.6 (Tropicality via balancing condition). I. Let F ∈ Z1(Z
n,Qn) be a 1-
dimensional weighted fan, i.e. suppF consists of finitely many rays, generated by primitive
lattice vectors v1, . . . , vN , and the weight function wF takes the value wi at vi. Then F is
said to be tropical, if it satisfies the balancing condition
∑
i
wivi = 0.
II. A weighted fan F ∈ Zk(Z
n,Qn) is said to be a book, if Zn admits a decomposition
L1 ⊕ L2 such that F = F1 ×F2, where F1 ∈ Z1(L1) is 1-dimensional, and F2 ∈ Zk−1(L2)
is the whole space L2 ⊗Q (see Figure 3). Then F is said to be tropical, if F1 is.
III. An arbitrary weighted fan F ∈ Zk(C) is said to be tropical, if, for every point
v ∈ C, such that the localization Fv ∈ Zk(Z
n,Qn) is a book, this book is tropical.
Tropical fans form a vector subspace Kk(C) ⊂ Zk(C).
Definition 2.7 (Intersection number via displacement rule). I. If Qn is decomposed into
the direct sum of two subspaces U1⊕U2, we call a pair of tropical fans of the form q1 ·U1
and q2 · U2 a crossing, and define the intersection number of these fans as
q1q2
∣∣∣∣ Z
n
(U1 ∩ Zn) + (U2 ∩ Zn)
∣∣∣∣ .
II. Let F and G ∈ K(Zn,Qn) be tropical fans of complementary dimension. Then, for
almost every u ∈ Qn, the shifted support sets suppF+u and supp G intersect transversally,
i.e. the intersection is a finite set {v1, . . . , vN}, and the localizations Fvi−u and Gvi for
every i = 1, . . . , N form a crossing Ci (or, informally speaking, the “shifted fans” F + u
and G in a small neighborhood of the intersection point vi coincide with the crossing Ci
up to a shift). Then the local intersection number of Fvi−u and Gvi at vi is defined as the
intersection number of the crossing Ci (see I), and the total intersection number
F ◦ G
is defined as the sum of the local ones. Tropicality of F and G ensures that the result is
independent of the choice of the displacement u (see Figure 4 for an example).
Definition 2.8 (Multiplication via intersection numbers). I. A pair of tropical fans F
and G ∈ K(Zn,Qn) is said to be a bookcrossing, if Zn admits a decomposition L1 ⊕ L2
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Figure 4: two tropical fans with unit weights and the intersection number 2
such that F = F1 ×F2 and G = G1 ×G2, where F1 and G1 ∈ K(L1) have complementary
dimension, and F2 = G2 ∈ K(L2) is the whole space L2 ⊗ Q (see Figure 3). Then the
product
F · G
is defined as the subspace L2 ⊗Q ⊂ Q
n, endowed with the constant weight F1 ◦ G1.
For example, according to the computation on Figure 4, the product of the bookcross-
ing on Figure 3 equals the intersection line equipped with the weight 2.
II. The product of arbitrary fans F and G ∈ K(C) in the ambient cone C = (L,C) is
defined as the fan H ∈ K(C) such that, for every v ∈ C,
• if the localizations Fv and Gv form a bookcrossing, then
Hv = Fv · Gv,
where the right hand side is defined in (I). In particular, the weight wH(v) equals the
intersection product from (I).
• otherwise v /∈ suppH.
2.4 Dual fans of polyhedra
An important example of tropical fans and their products comes from dual fans of lattice
polyhedra. Recall that the Minkowski sum P + Q for convex sets P and Q is defined
as {p + q | p ∈ P, q ∈ Q}, and consider a lattice polyhedron N ⊂ L∗ ⊗ Q of the form
C∗ + (bounded set) in the dual space to the ambient cone C = (L,C).
Definition 2.9. The k-th dual fan [N ]k ∈ Kk(C) is defined by a pre-fan F such that
SF is the set of all vectors v ∈ L ⊗ Q, whose support face N
v ⊂ N is bounded and
k-dimensional, and wF (v) is the k-dimensional lattice volume of the face N
v.
Recall that the lattice volume is the volume form on a k-dimensional vector subspace
U ⊂ Qn such that the volume of U/(U ∩ Zn) equals k!; the latter factor assures that the
lattice volume of every lattice polytope is an integer. See Figure 5 for an example of a
dual fan.
The fan [N ]k is tropical, and equals the product of k copies of [N ]1 = [N ] (hence the
notation). In particular, if N is bounded, [N ]n ∈ K0(L) = Q equals the lattice volume of
N . More generally, [N1] · . . . · [Nn] is the mixed volume of the polytopes N1, . . . , Nn. Note
that [N1 +N2] = [N1] + [N2].
Remark 2.10. A polyhedron N is uniquely determined by its dual fan [N ], so the map
N 7→ [N ] embeds the semigroup of polyhedra into the group of codimension 1 tropical
fans K1(C). Moreover, the latter is the Grothendieck group of the former.
8
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Figure 5: the gray cone C, the hatched polyhedron N = C∗ + (a bounded set), and its
dual fan [N ]
2.5 Local tropical fans
We have extended the notion of weighted and tropical fans in the space Qn to fans in an
arbitrary ambient cone C = (L,C). In brief, this generalization can be summarized as
follows.
Definition 2.11. 1. Let Zk(L) be the vector space of k-dimensional weighted fans in the
lattice L. Every fan F ∈ Zk(L) uniquely decomposes as
F = F1 + F2,
where
• dim supp (F1) \ C < k, i.e., informally speaking, F1 is the intersection of F with
the cone C.
• supp (F2) ∩ C = ∅, i.e., informally speaking, F2 is the intersection of F with the
complement to C.
We denote the corresponding decomposition of Zk(L) by
Zk(C)⊕Ok(C).
The first summand is referred to as the space of weighted fans in the ambient cone C.
2. Let K(L) ⊂ Z(L) =
⊕
k Zk(L) be the ring of tropical fans in the lattice L (i.e.
weighted fans satisfying the balancing condition). Its image under the projection Z(L)→
Z(C) will be denoted by K(C). The operation of multiplication of tropical fans survives
this projection, and the resulting ring K(C) is referred to as the ring of tropical fans in
the ambient cone C.
Remark 2.12. 1. The set of all k-dimensional tropical fans in K(C) will be denoted by
Kk(C) or K
n−k(C), so that we have the graded ring K(C) =
⊕n
m=0K
m(C).
2. An epimorphism of ambient cones p(C) = C′ gives rise to the linear map p∗ :
Kk(C)→ Kk(C
′), induced by taking the direct image of tropical fans.
3. Let Cv be the localization of the cone C at v ∈ L, i.e. the cone generated by
C and −v. The operation of localization of tropical fans induces a ring homomorphism
K(C)→ K(Cv), the localization of a tropical fan F ∈ Kk(C) is denoted by Fv ∈ Kk(Cv).
4. The ring K(Zn,Qn) is the conventional ring of tropical fans, serving as a combi-
natorial model for the ring of conditions of the complex torus (C \ 0)n, i.e. the direct
limit of the singular cohomology rings of all toric compactifications of the complex torus
(C \ 0)n, see [4]. The ring K(Zn,Qn+) similarly reflects the intersection theory of germs of
analytic sets in (Cn, 0); more generally, if C is a pointed cone, then the ring K(C) reflects
the intersection theory of germs of analytic sets in the affine toric variety of the cone C.
The precise general statement is given in the next section.
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3 Local tropical characteristic classes
3.1 Tropicalization
We introduce the operation of tropicalization, assigning local tropical fans to germs of
analytic sets. For the proofs, see for instance [6], [31], [29] and [25]. The existing literature
is completely devoted to the global case (so that analytic sets are actually algebraic), but
the known proofs extend to the local case verbatim. This cheap generqlization nevertheless
plays a key role in our applcation to singularity theory.
Remark 3.1. If a reader motivated by the monodromy conjectures is primarily interested
in the polynomial case, it is enough to assume that all analytic germs below are given by
polynomials, adopting the original polynomial setting of the aforementioned papers.
We shall work with toric varieties (see e.g. [12]) and their fans, which we sometimes
call toric fans to avoid confusion with weighted and tropical fans. Recall that a toric fan
is a collection of non-overlapping relatively open rational polyhedral cones, closed with
respect to taking faces.
Definition 3.2. A toric fan is called a C-fan for an ambient cone C = (L,C) (Definition
2.1), if the union of its cones equals the closure of the cone C, and is said to be simple, if
every its n-dimensional cone is generated by a basis of the lattice L.
Let Σ be a simple C-fan, and let XΣ be the corresponding toric variety. Identify the
character lattice of its dense complex torus T ∼= (C \ 0)n with the dual to the lattice L of
the ambient cone. Let XcΣ be the union of the precompact orbits of XΣ (i.e. the orbits
corresponding to the cones of Σ outside the boundary of C). We call XcΣ the compact
part of XΣ (and it is indeed compact).
Example 3.3. Assume that C = {a1 < 0} in the plane with the standard coordinates
(a1, a2). Consider the C-fan Σ with two 2-dimensional cones equal to the two coordinate
quadrants in C. The corresponding toric variety XΣ is the product of CP
1 with the
standard coordinates (u : v) and C1 with the standard coordinate x. Its compact part
XcΣ is the projective line CP
1 × {0}.
Definition 3.4. 1) A C-germ of an analytic set is the intersection of T with a germ of
an analytic set in the pair (XΣ, X
c
Σ) for a C-fan Σ (the definition is independent of the
choice of Σ).
2) Assume that the closure of a C-germ P in XΣ of the pure dimension d intersects the
precompact (and hence all) orbits O ⊂ XΣ properly (so that codimO ∩ P¯ = codimO +
codimP ). Then the compactification (XΣ, X
c
Σ) is said to be tropical for P .
3) Let Ci be the (relatively open) interior d-dimensional cones in the fan Σ of a tropical
compactification (XΣ, X
c
Σ) of P . Let mi be the intersection number of the orbit corre-
sponding to Ci and the closure of P (it is correctly defined, because the intersection is
0-dimensional by the definition of a tropical compactification). Then the linear combina-
tion of weighted fans
∑
imi ·Ci is a tropical fan in Kd(C), called the tropicalization of P
and denoted by TropP .
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3.2 Newton polyhedra
We shall illustrate this definition with some examples in the important special case of a
hypersurface, when the germ P is given by one analytic equation∑
a∈(a finite subset of Zn)+C∗
cax
a = 0, (∗)
where xa stands for the monomial xa11 . . . x
an
n .
Definition 3.5. 1) A germ of an analytic function given by the series (∗) converging for
all x ∈ T in a neighborhood of the compact part of a toric variety XcΣ for a C-fan Σ is
called a C-germ of an analytic function. Its Newton polyhedron is defined as the convex
hull of C∗ + {a | ca 6= 0}.
2) A C-fan is said to be compatible with the Newton polyhedron N , if, for any two
vectors u and v from the same (relatively open) cone of the C-fan, their support faces are
equal: Nu = Nv (or, equivalently, if the support function of the polyhedron is linear at
every cone of the fan and is not defined outside).
Recall that every lattice polyhedron is compatible with some simple fan ([20]).
Example 3.6. 1. If C = (Zn,Qn), we obtain the usual notion of the Newton polytope of
a polynomial.
2. If C = (Zn,Qn+), we obtain the usual notion of the Newton polyhedron of a germ
of an analytic function (Cn, 0)→ (C, 0).
3. For any C, the tropicalization of the hypersurface (∗) is the (first) dual fan [N ] of
its Newton polyhedron N (Definition 2.9). In particular, a compactification (XΣ, X
c
Σ) is
tropical for the hypersurface (∗) if and only if Σ is compatible with N .
4. For instance, assume C is as on Figure 5, and (x, y) are the standard coordinates on
T = (C \ 0)2. Then, for any toric C-fan Σ, the coordinate function x extends to a regular
function x on the toric surface XΣ, and the compact part X
c
Σ is given by the equation
x = 0.
The polar cone C∗ is the first positive coordinate ray in the plane, and, as an example
of power series of the form (∗), we shall consider f(x, y) = x2yf1(x)+f2(x)+xy
−1f3(x)+
x2y−2f4(x), where fi are univariate power series. The assumption that f converges in a
neighborhood of XcΣ, i.e. for |x| 6 ε, is equivalent to convergence of each univariate fi.
If fi(0) 6= 0, then the Newton polyhedron of f is as shown on Figure 5, so the tropi-
calization of the germ of the curve f(x, y) = 0 for small x equals the dual fan on Figure
5.
3.3 Algebraic and topological interpretation of tropicalization
For varieties of arbitrary codimension, the tropicalization can be defined in more algebraic
terms similarly to hypersurfaces.
Definition 3.7. 1) Every vector v ∈ C defines a valuation on the ring RC of power series
of the form (∗). For an element f ∈ RC, its initial part with respect to this valuation is
denoted by f v and called the v-initial part of f . More explicitly, if f is of the form (∗),
and N is its Newton polyhedron, then
f v(x) =
∑
a∈Nv
cax
a ∈ C[x±11 , . . . , x
±1
n ].
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2) For an ideal I in the ring RC and a vector v ∈ C, the v-initial parts of the elements
of I generate an ideal in C[x±11 , . . . , x
±1
n ] denoted by I
v and called the v-initial part of I.
3) For a C-germ of an analytic set P , the v-initial part of its defining radical ideal IvP
defines an algebraic set Pv ⊂ T that will be called the v-initial part of P .
4) The tropicalization of a C-germ of a d-dimensional analytic set P is a d-dimensional
tropical fan TropP , represented by the following pre-fan F :
• the support set SF consists of all v such that I
v
P is the tensor product of
C[x±11 , . . . , x
±1
d ] and a non-trivial ring Rv of finite length;
• the weight function wF is defined as wF (v) = l(Rv) for all v ∈ SF .
Example 3.8. Continuing Example 3.6.4, the (−1,−1)-initial part of f equals f (−1,−1) =
f2(0) + xy
−1f3(0) + x
2y−2f4(0) = (z − z1)(z − z2), where z = xy
−1. Thus the quotient
by the initial ideal C[x±1, y±1]/I
(−1,−1)
f=0 equals C[x
±1]⊗C[z±1]/〈(z− z1)(z− z2)〉, and the
second multiplier Rv is a Cohen–Macaulay ring of length 2 = w(−1,−1).
The trpoicalization can be understood in terms of the ring of conditions [4]. Due
to the local setting, we prefer singular homology to Chow rings, as in [19]. Denote
the j-th homology group of the pair (XΣ, XΣ \ X
c
Σ) by H
c
j (XΣ). The relative Poincare
duality induces a ring structure on the sum Hc(XΣ) =
⊕
j H
c
j (XΣ). The inclusions
Hc(XΣ) →֒ H
c(XΣ′) induced by the blow-ups XΣ′ → XΣ for subdivisions Σ
′ of Σ define
the structure of a directed system on the collection of rings Hc(XΣ) over all toric C-fans
Σ.
Definition 3.9. The C-local ring of conditions of the torus T is the direct limit of the
rings Hc(XΣ) with respect to subdivisions of Σ. The fundamental class of a C-germ of
an analytic set P in the ring of conditions is the fundamental class of its closure in the
homology of its tropical compactification.
Proposition 3.10. The C-local ring of conditions of the torus T is naturally isomorphic
to the ring K(C). This isomorphism is uniquely defined by the condition that, for every
C-germ of an analytic set P , the fundamental class of P in the ring of conditions is sent
to the tropicalization of P .
3.4 Tropical characteristic classes
Every affine k-dimensional algebraic variety gives rise to a k-dimensional tropical fan
called the tropicalization of the variety. It turns out that one can naturally refine this
correspondence, assigning to a k-dimensional variety a collection of tropical fans of di-
mensions 0, 1, . . . , k, of which the highest-dimensional one is the tropicalization. This
collection (or rather its formal sum) is called the tropical characteristic class and keeps
much more geometric information about the algebraic variety. It is convenient to intro-
duce tropical characteristic classes for analytic sets with multiplicities in the following
sence.
Definition 3.11. 1) A linear combination of the characteristic functions of finitely many
analytic C-germs with rational coefficients is called a C-germ of a constructible function.
The vector space of such functions will be denoted by A(C).
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2) For an epimorphism of tori π : T → T ′ and the corresponding linear map of their
Lie algebras p, such that p−1(C′) = C, the MacPherson direct image [26] is the unique
linear map
π∗ : A(C)→ A(C
′)
that sends the characteristic function of every C-germ M ⊂ T to ϕ : T ′ → Q such that
ϕ(y) is the Euler characteristic e
(
M ∩ π−1(y)
)
.
In what follows, we identify a germ of an analytic set with its characteristic function.
Definition 3.12. The (local) tropical characteristic class is the (unique) linear map
〈·〉 : A(C)→ K(C)
that sends every C-germ P to an element
〈P 〉 =
∑
k
〈P 〉k, 〈P 〉k ∈ K
k(C),
and satisfies the following properties:
1) For any C-germ of a codimension k analytic set P , its characteristic class equals
〈P 〉k + . . .+ 〈P 〉n,
where 〈P 〉k is the tropicalization TropP , and, in the global case C = L ⊗ Q, the Euler
characteristic e(P ) equals 〈P 〉n ∈ K0(C) = Q (note that in the local case C ( L ⊗Q we
have 〈P 〉n ∈ K0(C) = 0).
2) For any C-germs of analytic sets P and Q, we have
〈gP ∩Q〉 = 〈P 〉 · 〈Q〉
for almost all elements g ∈ T , where gP = {gz | z ∈ P} is the set P ⊂ T shifted by the
element g of the group T .
3) For any C-germ P and C′-germ Q, we have
〈P ×Q〉 = 〈P 〉 × 〈Q〉.
4) For an epimorphism of tori π : T → T ′ and the corresponding linear map of their
Lie algebras p, such that p−1(C′) = C, every constructible function ϕ ∈ A(C) satisfies
〈π∗ϕ〉 = p∗〈ϕ〉,
where π∗ is the MacPherson direct image, and p∗ is the direct image of tropical fans
(Definition 2.3).
5) If, for some vector v ∈ C, the initial part Pv of a germ of an analytic set P is regular
(scheme-theoretically, in the sense of the defining ideal IvP ), then
〈P 〉v = 〈Pv〉,
i.e. the localization of the characteristic class of P at v equals the characteristic class of
the v-initial part of P .
6) Consider a constructible function ϕ : T → Q and a simple C-fan Σ. If the support
set of the tropical fan 〈ϕ〉k ∈ K
k(C) is contained in the codimension k skeleton of Σ for all
k = 0, . . . , n, i.e. the characteristic class 〈ϕ〉 is contained in the subring Hc(XΣ) ⊂ (ring
of conditions) ∼= K(C), then this class equals the Chern-Schwartz-MacPherson class ([28],
[26]) of the constructible function ϕ : XΣ → Q extended to the complement XΣ \ T by 0.
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The existence of local tropical characteristic classes having these properties can be
proved with the same explicit construction as in the global case (see [10]), see the next
section. We shall be especially interested in the following special case.
Definition 3.13. A compactification (XΣ, X
c
Σ) is said to be smooth for a C-germ of an
analytic set P , if the toric variety XΣ is smooth (i.e. the toric fan Σ is simple) and the
closure of P in XΣ is smooth and transversal to every orbit of X
c
Σ (and hence of XΣ).
In this case, properties 1, 3 and 5 of the tropical characteristic class imply the following.
Corollary 3.14. Let Σ be a simple C-fan such that the compactification (XΣ, X
c
Σ) is
smooth for a C-germ P . Then the characteristic class 〈P 〉d equals the sum of the weighted
fans
∑
i ei · Ci, where Ci are the codimension d interior cones in Σ, and ei is the Euler
characteristic of the intersection P¯ ∩ (Ci-orbit of X
c
Σ).
Remark 3.15. The existence of characteristic classes for algebraic sets that admit a
smooth compactification is independently proved in [17]. This proof as well automatically
extends to analytic germs.
Example 3.16. 1. A hypersurface f = 0 of the form (∗) admits a smooth compactifi-
cation, if it is non-degenerate, i.e. 0 is a regular value of the polynomial f v : T → C for
every vector v in the interior of C. In this case, a smooth compactification is given by
any simple fan compatible with the Newton polyhedron of f .
2. For a polyhedron N denote the sum
∑
d(−1)
d−1[N ]d by 〈N〉, then, for every non-
degenerate hypersurface f = 0 with the Newton polyhedron N we have 〈f = 0〉 = 〈N〉.
3. In particular, continuing Example 3.8, the germ f(x, y) is non-degenerate if f 23 (0)−
4f2(0)f4(0) 6= 0. The tropical characteristic class of the curve germ f = 0 is just the dual
fan [N ] shown on Figure 5.
4. Similarly, for an algebraic curve C in the complex torus (C \ 0)2 given by a poly-
nomial equation with the Newton polygon N , the tropical characteristic class equals
[N ] + e(C) (where e is the Euler characteristic). If the curve is non-degenerate, then
the Kouchnirenko–Bernstein–Khovansii formula [21] ensures that e(C) = −[N ]2, and the
tropical characteristic class equals 〈N〉. For degenerate curves this equality does not
hold true. In particular, the tropical characteristic class of a germ is not defined by the
tropicalization of this germ; it is a strictly stronger invariant.
4 Relative tropical fans and a construction for trop-
ical characteristic classes
The aim of this section is to provide a construction for tropical characteristic classes, in
order to prove that they exist (we do not need this construction in what follows). The
construction is essentially the same as for the global case in [10], as soon as we use the
right target ring, somewhat different from K(C). Let us introduce it.
4.1 Relative tropical fans
Definition 4.1. I. For an n-dimensional ambient cone C = (L,C), the space of k-
dimensional relative tropical fans KKk(C) = KK
n−k(C) is the space of pairs
{(P,Q) |P and Q ∈ Kk(L), such that the support of P −Q avoids C¯}
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(with the componentwise operations) modulo its subspace
{(R,R) | the support of R avoids C}.
II. Sums, direct images, localizations and products of relative tropical fans are defined
componentwise. The corresponding ring structure on the direct sum of vector spaces
KK(C) =
⊕n
k=0KK
k(C) is called the ring of relative fans.
Example 4.2. Sending an element (p, q) ∈ KK0(C) to p−q, we identify KK0(C) with Q.
In particular, the product of relative fans F ∈ KKk(C) and G ∈ KKn−k(C) is identified
with the number that will be called the intersection number of F and G and denoted by
F ◦ G.
This definition may not seem too natural at the first glance, but its geometrical mean-
ing is clarified by its connection to a relative version of the mixed volume, see below.
Its crucial advantage over the ring of local fans Kk(C) is that KK0(C) equals Q for all
ambient cones C, while K0(C) = 0 unless C = (Q
n,Zn). This difference will be employed
in the key Theorem 4.13. There is also a non-trivial point in Definition 4.1.
Lemma 4.3. The product of relative fans (Pi, Qi) ∈ KK
ki(C), i = 1, 2, does not depend
on the choice of representatives (Pi, Qi).
Proof. By Definition 2.8, the localization reduces the statement to the case k1 + k2 = n.
In this case, it is enough to prove that, if (P1, Q1) = (R,R), and the support of the fan
R avoids C, then the intersection number vanishes, i.e. R ◦ P2 = R ◦ Q2. By Definition
2.7, in order to compute the intersection number of Pi’s (or Qi’s), we should shift Pi’s
and Qi’s by generic displacement vectors ui ∈ L⊗Q and count local contributions of the
intersection points v1, . . . , vM of shifted Pi’s (or intersection points w1, . . . , wN of shifted
Qi’s). However, if we choose u1 = 0 and generic u2 ∈ C, then, for every point v of the
support set of R, the shifted fans Pi and Qi will locally coincide:
(Pi)v−ui = (Qi)v−ui ,
because v − ui /∈ C¯. Thus, we have M = N and vj = wj for all j, and the contribution
of each of these intersection points to the intersection number of Pi’s is the same as for
Qi’s.
Remark 4.4. The ring K(C) naturally embeds into KK(C), sending a fan F to the pair
(F ,F). We shall denote the latter relative fan by the same letter F when it comes to
adding and multiplying it with other relative tropical fans.
4.2 Relative mixed volumes
Let C = (L,C) be an n-dimensional lattice cone and C∗ ⊂ L∗ ⊗Q its polar cone.
Definition 4.5 ([7],[8],[22]). I. A relative polyhedron compatible with C is a pair of closed
polyhedra (A,B) such that
• each of A and B is of the form (bounded lattice polytope in L∗) +C∗, where “+” is
the Minkowski summation;
• the symmetric difference of A and B is bounded.
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(A,B) (A˜, B˜) [A˜] [B˜]
1
4
4
1
1
2
3
1
h1,2
h1,1 h2,1
h2,2
h1,2 + h2,2
h1,1 + h2,1
min(h1,1 + h2,2, h1,2 + h2,1)
+ =
Figure 6: Minkowski sums and dual fans of relative polyhedra
The set PP (C) of all relative polyhedra compatible with C is a semigroup with respect
to the componentwise Minkowski summation.
II. The dual fan [(A,B)] ∈ KK1(C) of the relative polyhedron (A,B) is the relative
fan with a representative of the form ([A˜], [B˜]), where A˜ ⊂ A and B˜ ⊂ B are bounded
lattice polytopes such that A˜ \ B˜ = A \B and B˜ \ A˜ = B \ A.
III. The volume of a relative polyhedron Vol (A,B) is the difference of the lattice
volumes of A˜ \ B˜ and B˜ \ A˜.
IV. The mixed volume of relative polyhedra is the unique symmetric multilinear func-
tion
MV : PP (C)× . . .× PP (C)︸ ︷︷ ︸
n
→ Z
such that MV ((A,B), . . . , (A,B)) = Vol (A,B).
Lemma 4.6. 1. The dual fan does not depend on the choice of A˜ and B˜.
2. Taking the dual fan is a linear map PP (C)→ KK1(C).
3. We have MV ((A1, B1), . . . , (An, Bn)) = [(A1, B1)] · . . . · [(An, Bn)].
Part 1 is obvious, 2 and 3 follow from the same properties of non-relative polytopes.
Example 4.7. Examples of the Minkowski sum and the dual fan of relative polyhedra
are given on Figure 6 (the ambient cone is gray, the first polyhedron A in a relative
polyhedron (A,B) is bold, the second polyhedron B is hatched).
4.3 Relative Kouchnirenko–Bernstein–Khovanskii formula
Let Σ be a simple C-fan for an ambient cone C = (L,C) (Definition 3.2). Its one-
dimensional cones are generated by primitive vectors vi ∈ L and correspond to codimen-
sion 1 orbits of the corresponding toric variety XΣ. Denote the closures of these orbits by
Di.
Let A be a polyhedron, for which Σ is the minimal compatible fan (i.e. the n-
dimensional cones of Σ are exactly the linearity domains of the support function of A),
and denote the value of the support function A(vi) by mi. Then there exists a unique
very ample line bundle IA on XΣ equipped with a meromorphic section sA, such that the
divisor of zeros and poles of sA equals
∑
imiDi. Moreover, this correspondence, assigning
the pair (IA, sA) to the polyhedron A, is an isomorphism between the semigroups {convex
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lattice polyhedra for which Σ is the minimal compatible fan} and {pairs (I, s), where I
is a very ample line bundle on XΣ, and s is its meromorphic section with zeros and poles
outside the dense torus}.
For every germ s of a holomorphic section of IA on (XΣ, X
c
Σ), the quotient s/sA is an
analytic function on (an open subset of) the dense torus T , i.e. a C-germ in the sense
of Definition 3.5.1. The Newton polyhedron and the v-initial part sv of the section s are
defined as the respective objects for s/sA (Definition 3.5.1 and 3.7.1).
Example 4.8. 1. If A is the positive orthant in Qn, and C is its polar cone, then
(XΣ, X
c
Σ) = (C
n, 0), and the Newton polyhedron and initial part of a germ s : (Cn, 0) →
(C, 0) have their usual meaning.
2. Continuing Example 3.3, the polyhedron A = [0, 1] × [0,+∞) (bold on Figure
6) gives rise to the line bundle IA on XΣ = CP
1 × C1 which is a pull-back of O(1) on
CP1. A typical section of this bundle has the form s = uxh1f1(x) + vx
h2f2(x) for some
univariate power series f1 and f2 with non-zero constant terms. The Newton polytope of
such section is hatched on Figure 6.
Definition 4.9. Let A1, . . . , Ak be lattice polyhedra compatible with a simple C-fan Σ,
and let si be germs of holomorphic sections of the line bundles IAi on (XΣ, X
c
Σ). Let εi be
generic sections (of the same bundles) small enough relatively to a small enough tubular
neighborhood U of the compact part XcΣ. The Milnor fiber of the tuple (s1, . . . , sk) on a
germ of an analytic set S in (XΣ, X
c
Σ) is the set
{s1 = ε1} ∩ . . . ∩ {sk = εk} ∩ S ∩ U ∩ T.
Theorem 4.10 (Relative Kouchnirenko–Bernstein–Khovanskii formula, [8], [9]). I. In the
setting of Definition 4.9, assume that the sections si of the line bundles IAi have Newton
polyhedra Bi ⊂ Ai, such that Ai \Bi is bounded, and generic initial parts in the sense that
sv1 = . . . = s
v
k = 0 defines a regular algebraic subvariety of the torus T for every vector
v ∈ C.
Then the Euler characteristic of the Milnor fiber of (s1, . . . , sk) on the toric variety
XΣ equals
(−1)n−k
∑
n1>0,...,nk>0
n1+...+nk=n
(A1, B1)
n1 · . . . · (Ak, Bk)
nk ,
where the product of n relative polyhedra stands for their relative mixed volume.
II. In particular, if k = n, then the intersection of the sets {s1 = ε1}, . . . , {sk = εk}
is contained in the compact part XcΣ, so the intersection index of these sets is correctly
defined and equals the relative mixed volume of (A1, B1), . . . , (An, Bn).
Example 4.11. 1. If A is the positive orthant in Qn, and C is its polar cone, then
(XΣ, X
c
Σ) = (C
n, 0), and we obtain the well known formula ([23] for k = 1 and [27] in
general) for the Milnor number of a non-degenerate complete intersection germ in (Cn, 0).
2. Continuing Example 4.8.2, consider two sections si = ux
hi,1fi,1(x) + vx
hi,2fi,2(x) of
the line bundle IA and assume fi,j(0) 6= 0. Then the Newton polyhedra of the sections
si are hatched on Figure 6. In particular, the Euler characteristic of the Milnor number
of s1 equals the volume of the first relative polyhedron on Figure 6, i.e. h1,1 + h1,2. This
agrees with the fact that the coordinate map x : XΣ → C identifies the Milnor fiber of s1
with a disc with h1,1 + h1,2 + 1 punctures.
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The Milnor fiber of (s1, s2) is a finite set whose cardinality equals the intersection index
of the divisors s1 = 0 and s2 = 0 at the compact component CP
1×{0} of their intersection.
This number equals the mixed volume of the two relative polyhedra on Figure 6, i.e.
min(h1,1 + h2,2, h1,2 + h2,1). This agrees with the fact that the determinant of the matrix[
xh1,1f1,1(x) x
h1,2f1,2(x)
xh2,1f2,1(x) x
h2,2f2,2(x)
]
as a function of x has a root of order min(h1,1+h2,2, h1,2+h2,1)
at 0.
4.4 A construction for local tropical characteristic classes
Definition 4.12. Let C be an n-dimensional ambient cone. A function Φ : PP (C)→ R is
said to be a polynomial starting from (A,B) ∈ PP (C) if there exist local fans Fi ∈ Ki(C)
such that
Φ(A′, B′) = Fn · [(A
′, B′)]n + . . .+ F0 · [(A
′, B′)]0 ∈ KK0(C) = Q
for every (A′, B′) ∈ PP (C) whose support functions satisfy the condition
A′(·)− B′(·) > A(·)− B(·).
The multiplication in this definition is understood in the sense of Remark 4.4.
Theorem 4.13. In the setting of Definition 4.9, assume that the sections si of the line
bundles IAi have Newton polyhedra Bi ⊂ Ai, such that Ai \ Bi is bounded, and generic
principal parts.
I. The Euler characteristic of the Milnor fiber of s1 on the germ of an analytic set S
is a polynomial
Fn · [(A
′, B′)]n + . . .+ F0 · [(A
′, B′)]0
starting from some relative polyhedron.
II. The coefficients Fi ∈ K
n−i(C) satisfy the properties of the tropical characteristic
classes 〈S〉n−i ∈ K
n−i(C) of the set S (Definition 3.12). This in particular proves the
existence of tropical characteristic classes.
III. The Euler characteristic of the Milnor fiber of (s1, . . . , sk) on S equals the 0-
dimensional component of the product
〈S〉 · 〈(A1, B1)〉 · . . . · 〈(Ak, Bk)〉,
where 〈(A,B)〉 =
∑
i>0(−1)
i−1[(A,B)]i, and the value is taken in KK0(C) = Q.
The proof for the global case C = (Qn,Zn) is given in [10], Sections 2.4-2.6. The proof
in the general case is the same verbatim, adding “relative” to all tropical fans, polytopes
and references to the Kouchnirenko–Bernstein–Khovanskii formula.
5 Tropical nearby monodromy eigenvalues
We come back to the assumptions and notation of Definition 1.4 and choose a complex
number s = exp 2πik/m for coprime k and m, assuming that the denominator m is not
tautological in the following sense.
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Definition 5.1. The number m is called a tautological denominator for f : (Cn, 0) →
(C, 0), if m divides one of mj’s in the prime factorization f =
∏
j f
mj
j .
The aim in this section is to introduce tropical nearby monodromy eigenvalues of a
singularity with a given embedded toric resolution, in the sense of Definition 1.4. The
material is difficult to illustrate immediately, because the first substantial examples come
from non-obvious singularities of four variables (see e. g. Example 7.4 in [11]). However,
t. n. e. of small codimension will be studied in a much more explicit fashion in the next
section.
We summarize the setting of Definition 1.4 in the following diagram:
Y W Z
0 X S CN
0 {f = 0} S C
⊂ ⊂
pi
∈ ⊂ ⊂
∈
7→
⊂
f
j
Here Z → CN is a toric blow-up, E is the set of its orbits, and Y ⊂ W are the strict
transforms of X ⊂ S, intersecting every orbit E ∈ E by the smooth sets YE = Y ∩E and
WE = W ∩ E respectively. The set of orbits in π
−1(0) is denoted by E0 ⊂ E .
5.1 A stratification of W
In order to study monodromy of f in terms of its embedded toric resolution, it is important
to detect points of the total space W at which the function f ◦ i−1 ◦ π : W → C equals a
monomial xM for some local coordinate function x : W → C. Such points form so called
V -strata, as the subsequent lemma shows.
Definition 5.2. I. A stratum of the embedded toric resolution (j, π) is a connected
component of the set WE \ Y for some orbit E ∈ E .
II. A stratum C is said to be convenient, if we have π(C) 6⊂ X (i.e. f does not vanish
on j−1 ◦ π(C)).
III. A non-convenient stratum B ⊂ Z is called a V -stratum, if it is in the closure of a
convenient stratum C such that dimC = dimB + 1.
Remark 5.3. 1. A V -stratum is contained in a unique convenient stratum of the dimen-
sion greater by 1.
2. If f is non-degenerate with respect to its Newton polyhedron N , then the convenient
strata correspond to faces of N that belong to coordinate planes of the same dimension,
and the V -strata correspond to the V -faces of N (including the unbounded ones, see
Definition 5.13 below).
Lemma 5.4. Let E be an orbit of Z, and a ∈ WE. Then, in a small neighborhood of a,
the function f ◦ i−1 ◦ π : W → C can be represented as xME(a), where ME(a) is a positive
integer number and x is a local coordinate function on W , if and only if
1) the number ME(a) is a tautological denominator, or
2) the point a belongs to a V -stratum.
19
Proof. In a small neighborhood of a, choose a coordinate system y1, . . . , yn on W , such
that
– WE is the coordinate plane y1 = . . . = yk = 0,
– the adjacent sets of the form WE′ are parameterized by the subsets I ⊂ {1, . . . , k}
and are given by the conditions yi = 0 for y ∈ I and yi 6= 0 for i /∈ I, and
– Y is empty or given by the equation yn = 0.
There are two options for the coordinate function x in the statement of the lemma: it
can either be chosen as yi0 for some i0 6 k, or as yn. In the first case, we have a /∈ YE,
i.e. a belongs to some stratum, and, moreover, this is a V -stratum (because it is in the
closure of the convenient stratum given by the conditions yi0 6= 0 and yi = 0 for other
i 6 k). In the second case, WE \ YE is itself a convenient stratum near a, but a ∈ YE,
thus ME(a) is a tautological denominator.
Given an orbitH of the toric resolution Z, its closure H¯ is a toric variety, corresponding
to a certain CH-fan ΣH . The ambient cone CH and the toric fan ΣH can be explicitly
described in terms of the toric fan Σ of the toric variety Z and its ambient cone C (which
is either the positive orthant in QN or opposite to it, depending on the convention in the
beginning of Section 2).
Namely, let P be the cone of Σ, corresponding to the orbit H . Then the ambient cone
CH is the image of C under the quotient map p : Q
N → QN/(vector span of P ), and the
toric fan ΣH consists of the images of the cones of Σ adjacent to P under the projection
p.
Definition 5.5. For an integer number M > 0 and an orbit E ⊂ Z in the closure of an
orbit H ⊂ Z, define the CE-germ of the semi-analytic set
ΦM,H,E =
(
{a |MH(a) = M} ∩ E
)
\ Y.
Remark 5.6. 1. In other words, the set ΦM,H,H is the subset WH \ Y at which the
locally constant function MH(·) equals M , and ΦM,H,E is the intersection of E \ Y with
the closure of ΦM,H,H .
2. By this definition, every set ΦM,H,E is a union of strata.
The tropical characteristic class of ΦM,H,H is the principal ingredient in the definition
of tropical nearby monodromy eigenvalues, so it is important to compute them explicitly.
Theorem 5.7. The characteristic class 〈ΦM,H,H〉d ∈ K
d(CH) can be expressed in terms
of the Euler characteristics of strata of the embedded toric resolution as follows: it equals
the sum of weighted fans ∑
E
e(ΦM,H,E)PE,
where e is the Euler characteristic, E ranges through all codimension d toric orbits in the
compact part of the toric variety H¯, and PE are the corresponding codimension d cones
in the toric fan ΣH .
Proof. By Remark 5.6.1, the formula is a special case of Corollary 3.14. By Remark 5.6.2,
the Euler characteristic of ΦM,H,E is a sum of Euler characteristics of strata.
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5.2 Tropical nearby eigenvalues
For I ∈ {1, . . . , N}, let CI and QI be the subsets of CN and QN respectively, defined by
vanishing of j-th coordinates for all j /∈ I. We can naturally consider CI as an affine toric
variety, corresponding to the cone CI ⊂ QI , and let (C \ 0)I be the big torus in CI .
Remark 5.8. As always, the cone CI is either the positive orthant in QI or the opposite
one, depending on the convention in the beginning of Section 2.
The cone CI comes with the lattice dual to the character lattice of (C \ 0)I , and
together they form an ambient cone that we denote by CI . Let EI be the set of all orbits
of Z that project to (C \ 0)I .
Definition 5.9. We say that a complex number s = exp 2πik/m for coprime k and m
with a non-tautological denominator m is a tropical nearby monodromy eigenvalue in CI ,
if we have
Φm,I =
∑
H∈EI ,m|M
π∗〈ΦM,H,H〉 6= 0
in K(CI). It is said to be tropical in codimension d, if the codimension d 6 |I| component
of
∑
H∈VI , m|M
π∗〈ΦM,H,H〉 is non-zero in K
d(CI).
Remark 5.10. 1. This terminology implies that the same nearby monodromy eigenvalue
may be tropical in several different codimensions.
2. Tropical nearby monodromy eigenvalues by definition depend only on the adjacency
and the Euler characteristics of precompact strata of the embedded toric resolution.
Theorem 5.11. Every tropical nearby monodromy eigenvalue is indeed a nearby mon-
odromy eigenvalue.
For the proof, define the constructible function FM,I as the sum of the MacPherson
direct images
∑
H∈VI
π∗ΦM,H,H . Applying A’Campo’s formula [1] for the Milnor mon-
odromy ζ-function ζx0 of the germ of f at an arbitrary point x0 ∈ (C \ 0)
I , we obtain the
following by Lemma 5.4.
Theorem 5.12. We have ζx0(t) =
∏
M(1− t
M)FM,I(x0).
We can now prove Theorem 5.11.
Proof. If ΦM,I = 〈FM,I〉 6= 0, then there exists a point x0 ∈ (C \ 0)
I such that∑
m|M FM,I(x0) 6= 0. Thus, by Theorem 5.12, the denominator m gives rise to a root
or pole of ζx0.
5.3 Specializing to Newton polyhedra
Let us specialize to the case of a classical toric resolution π : Z → Cn of a non-degenerate
singularity f : (Cn, 0) → (C, 0) with respect to its Newton polyhedron N , i.e. assume
that i : (S, 0) = (Cn, 0) →֒ (CN , 0) is the identity map.
Definition 5.13. A (not necessarily bounded) face Γ ⊂ N is called a V -face, if it is
contained in a coordinate subspace QJ such that |J | = dim Γ + 1. More precisely, it is
called a VI-face, where I ⊂ J is a unique minimal (by inclusion) subset such that the
projection of Γ along RI is bounded.
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Figure 7: A VI-face Γ for I = {1} is shown in bold
Remark 5.14. The image of Γ under the projection along RI is a bounded V -face of
the image N I of the polytope N . Conversely, every VI-face is the preimage of a bounded
V -face under the projection N → N I .
Example 5.15. A VI-face Γ and its image A under the projection along R
I are shown in
bold on Figure 7 for I = {1} and J = {1, 2}.
For a VI-face Γ ⊂ Q
J , letmΓ be its lattice distance to 0 in Q
J , i.e. |ZJ/UΓ|, where UΓ is
the vector subspace generated by pairwise differences of the points of Γ. There is a natural
projection π from the dual space U∗Γ to the dual space of Q
I . We denote CΓ = π
−1(CI),
and this cone together with the lattice dual to UΓ ∩Z
n forms an ambient cone CΓ, so that
〈Γ〉 ∈ K(CΓ). The notation 〈Γ〉 is introduced in Example 3.16 and is justified by the fact
that 〈Γ〉 equals the tropical characteristic class of a generic hypersurface with the Newton
polyhedron Γ. This equality allows to rewrite Definition 5.9 as follows.
Definition 5.16. We say that a complex number s = exp 2πik/m for coprime k and m
with a non-tautological denominator m is a tropical nearby monodromy eigenvalue of the
polyhedron N in CI , if we have
Φm,I =
∑
Γ⊂N is a VI−face,
m|mΓ
π∗〈Γ〉 6= 0.
It is said to be tropical in codimension d, if the codimension d component of∑
Γ⊂N is a VI−face
m|mΓ
π∗〈Γ〉 is non-zero in K
d(CI).
Corollary 5.17. If s is a tropical nearby monodromy eigenvalue of the polyhedron N
in CI , then, for every non-degenerate singularity f : (Cn, 0) → (C, 0) with the Newton
polyhedron N , there exists x0 ∈ (C \ 0)
I arbitrary close to 0 such that s is a monodromy
eigenvalue of the germ of f at x0.
6 Low codimension
In this section we make the notion of tropical nearby monodromy eigenvalues in codi-
mension 0 and 1 more explicit. This simplification is based on the notion of a fiber
polyhedron.
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Figure 8: the fiber polygon of a three-dimensional polytope for I = {1, 2}
6.1 Fiber polytopes
Denote {1, . . . , n} \ I by I¯. The coordinate projection of a polyhedron N ⊂ Qn along QI
and its image will be denoted by πI : N → N
I ⊂ QI¯ .
Definition 6.1 ([2]). For every polytope B ⊂ N I , the fiber polyhedron
∫
B
N of N over
B is defined (up to a shift) as the set of all points of the form (1 + dimB)
∫
B
s(x) dx,
where s runs over all continuous sections B → N of the projection πI : N → N
I , and dx
is the lattice volume form on B.
Remark 6.2. 1. The fiber polyhedron is contained in an affine plane parallel to QI , so
it is convenient to consider instead its isomorphic image under the projection Qn → QI
along QI¯ .
2. The multiplier (1 + dimB) is introduced to ensure that for every lattice polytope
B the fiber polyhedron is also a lattice polyhedron.
Example 6.3. If I¯ consists of one element, and N is bounded, then
∫
NI
N in the line QI¯
is a segment, and its length equals the lattice volume of N . Figure 8 gives an example of
a two-dimensional fiber polyhedron with I = {1, 2} and n = 3.
We come back to the setting and notation of Definition 5.16, assuming that B = πI(Γ).
Proposition 6.4. 1) The codimension 0 component of the projection (π∗〈Γ〉)0 is the cone
CI with the weight equal to the lattice volume of B.
2) The codimension 1 component of the projection (π∗〈Γ〉)1 is the (first) dual fan of
the fiber polyhedron
∫
B
Γ =
∫
B
N .
The first part is well known, and the second one is proved in [29] for the case of
bounded polytopes. The proof in the general case is the same. Note that the second
statement completely characterizes the fiber polytope
∫
B
N by Remark 2.10.
Example 6.5. 1. Figure 5 illustrates the first statement: the exterior normal rays to the
bounded edges of a given polygon N form its first dual fan, and the image of this fan
under the vertical projection equals a horizontal ray equipped with the weight 3. This
weight equals the lattice height of the polygon.
2. Figure 8 illustrates the second part of the statement: the exterior normal rays to
the facets of a given polytope N form its second dual fan, and the image of this fan under
the vertical projection equals the first normal fan of the fiber polygon
∫
NI
N .
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Denote
Ψm,I =
∑
B
(−1)dimB
∫
B
N,
where B runs over all bounded V -faces of N I , such that m|mB.
Remark 6.6. The set of polyhedra of the form (bounded polytope) + CI is a semi-
group with respect to Minkowski summation. We subtract polyhedra as elements of the
Grothendieck group of this semigroup.
Definition 6.7. The aforementioned Grothendieck group will be referred to as the group
of virtual polyhedra. The neutral element of this group is the cone CI , so a virtual
polyhedron is said to be trivial, if it equals CI up to a shift.
Note that if a virtual polyhedron is known to be a polyhedron, then its non-triviality
is equivalent to having a bounded edge.
Corollary 6.8. In the setting of Corollary 5.17:
1) the number s is a tropical nearby monodromy eigenvalue of the polyhedron N in
codimension 0 in CI , if it is a zero or pole of the Varchenko function
ζx0 =
∏
B
(1− tmB)(−1)
dimBVolB
where B ranges through all bounded V -faces of N I , and VolB is the lattice volume.
2) the number s is a tropical nearby monodromy eigenvalue of the polyhedron N in
codimension 1 in CI , if the (virtual) polyhedron Ψm,I is non-trivial.
This follows from Corollary 5.17 and Proposition 6.4.
6.2 Fiber polyhedra over segments
Motivated by the preceding corollary, we start to study the virtual polyhedron Ψm,I . We
assume w.l.o.g. that I = {1, . . . , p} and write the tuple x = (x1, . . . , xn) as (y, z), where
y stands for the first p variables, and z for the rest. In particular, we shall write the germ
f(x) of an analytic function non-degenerate with respect to its Newton polyhedron N as
f(y, z) =
∑
b fb(y)z
b and denote the restriction
∑
b∈B
fb(y)z
b (⋆)
by fB for a face B ⊂ N I .
If B is a segment, we can analyse its contribution to Ψm,I by using its relation to
the Newton polyhedra of discriminants. In this setting, the classical discriminant DB is
the equation of the closure of the set of all y0 ∈ (C \ 0)
I , such that the hypersurface
fB(y0, ·) = 0 is not regular (i.e. 0 is a critical value of the polynomial function f
B(y0, ·) :
(C \ 0)I¯ → C). Explicitly, DB is the Sylvester discriminant of the univariate polynomial
fbkt
k+ . . .+fb1t+fb0 , where b0, b1, . . . , bk are the consecutive lattice points of the segment
B. For any b ∈ N I , denote π−1I (b) ⊂ N by Nb.
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∆B
Figure 9: a fiber polyhedron over a segment and the Newton polyhedron of the
discriminant
Example 6.9. For n = 3 and I = {1, 2}, consider f(y1, y2, z) = f0 + f1z + f2z
2, where
f0(y1, y2) = y
2
1 + y1y
2
2 + . . ., f1(y1, y2) = y2+ . . ., and f2(y1, y2) = y
3
1 + y2+ . . . (dots stand
for the terms above the Newton diagram). The Newton polyhedron N of the germ f , its
fiber polytope over B = N I , the fibers Nbi , and the hatched Newton polyhedron ∆B of
the discriminant DB(f) = f
2
1 −4f0f2 = y
2
2−4y1y2−4y
5
1+ . . . are shown on Figure 9. This
illustrates the following expression for ∆B.
Proposition 6.10 ([16]). If the germ f is non-degenerate, then the Newton polyhedron
of the discriminant DB(f) equals
∆B =
∫
B
N −Nb0 −Nbk .
In particular, this difference is a polyhedron.
See [9] for the generalization of this fact to B of arbitrary dimension. In what follows,
it will be important to know when the polyhedron ∆B is trivial, i.e. equals the cone C
I
up to a shift.
Example 6.11. If k = 1, i.e. B is a primitive segment, then ∆B is trivial, since the
discriminant of a polynomial of degree 1 is trivial.
Hence, for an arbitrary k, splitting B into primitive segments B1, . . . , Bk, we observe
that
∆B =
k∑
j=1
∆Bj + 2
k−1∑
i=1
Nbi = 2
k−1∑
i=1
Nbi .
Here every ∆Bj vanishes, because, upon a suitable dilatation (making Nbj and Nbj+1 lattice
polyhedra), it falls into the scope of Example 6.11. This equality implies the following.
Lemma 6.12. The polyhedron ∆B is trivial if and only if Nbi is trivial for every i =
1, . . . , k − 1.
6.3 T. n. e. in codimension one
Given a Newton polyhedron N , we explicitly describe all its t. n. e. of a small codimension
at points of the coordinate plane (C\0)I for small |I| or small |I¯|. In particular, this gives
a necessary and sufficient supply of monodromy eigenvalues to prove the Denef–Loeser
monodromy conjecture for non-degenerate functions of four vairables, see [11].
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Example 6.13. 1. For any I, the complex number s = exp 2πik/m for coprime k and m
is a t. n. e. in codimension 0 at (C \ 0)I , iff it is a root or pole of the Varchenko formula
for the polyhedron N I , see Corollary 6.8.1.
2. For |I| = 0 and |I| = 1, every t. n. e. at (C \ 0)I has codimension 0, so this case a
special subcase of the preceding one.
3. There are no t. n. e. for |I¯| = 0. For |I¯| = 1, the complex number s = exp 2πik/m
for coprime k and m is a t. n. e. in codimension 0 at (C \ 0)I , iff m|d, where d is the
starting point of the ray N I ⊂ Q1. Note that in this case m is a tautological denominator,
because f has a factor xdi , i ∈ I¯. The number s is a t. n. e. in codimension 1 at (C \ 0)
I ,
only if it is a t. n. e. in codimension 0, and the polyhedron Nd is non-trivial (i.e. has a
bounded edge).
We now study t. n. e. of codimension one at the coordinate plane (C \ 0)I , |I¯| = 2,
which is the simplest case outside the scope of the Varchenko formula and trivialities from
the preceding example.
Theorem 6.14. I. Assume that |I¯| = 2. Then the virtual polyhedron Ψm,I is a polyhedron.
II. Moreover, it is non-trivial, i.e. s = exp 2πik/m for coprime k and m is a t. n. e.
of the polyhedron N in codimension 1 at the coordinate plane (C \ 0)I, if and only if there
exists a point a ∈ ZI satisfying all of the following:
1) a is contained in an edge B ⊂ N I such that m|mB;
2) a itself is not a V -vertex, or a V -vertex such that m ∤ ma;
3) the polyhedron π−1I (a) is non-trivial, i.e. has a bounded edge.
Proof. For any face B of N I define iB to be 1 if B is a V -face such that m|mB, and 0
otherwise. For every edge B of N I with end points P and Q define the polyhedron ΨB to
be iB
∫
B
N − iPNP − iQNQ (this is indeed a polyhedron by Proposition 6.10). The sought
polyhedron Ψm,I is the sum of the polyhedra ΨB over all edges B ⊂ N
I , and, by Lemma
6.12, every summand is trivial unless it contains a point a satisfying the conditions (1-3)
above.
Combining this with Example 6.13.1, we obtain the following. We shall say that a
number s is contributed by a face B ⊂ N I , if B is a V -face, and m|mB.
Corollary 6.15. Assume that |I¯| = 2. Then s = exp 2πik/m for coprime k and m is a
t. n. e. of the polyhedron N in codimension 0 or 1 at the coordinate plane (C \ 0)I , unless
one of the following four cases takes place:
1) No V -face B ⊂ N I contributes s.
2) The polyhedron N I has one edge B with one interior lattice point p and two V -
vertices a and b, all of them contribute s, and the polyhedron Np is trivial.
3) s is contributed only by one V -vertex ai ∈ N
I and its adjacent edge B of lattice
length 1, and for the other end point b ∈ B, b 6= a, the polyhedron Nb is trivial.
4) The same as (3) for two V -vertices and their adjacent edges, provided that these
two edges do not coincide.
6.4 Generalizing to higher dimensions
Theorem 6.14 and Corollary 6.15 allow to prove the monodromy conjecture for non-
degenerate analytic functions of four variables. A key problem in extending this approach
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to higher dimensions is to generalize Theorem 6.14 and Corollary 6.15 to coordinate planes
of arbitrary dimension |I| and, further, to arbitrary codimension of t. n. e.
Problem 6.16. 1) For a given polyhedron N ⊂ Qn of the form (bounded lattice
polytope) + Qn+, a subset I ⊂ {1, . . . , n} and a number s = exp 2πik/m, prove that
the virtual polyhedron Ψm,I is a polyhedron.
2) Classify all cases when Ψm,I is trivial, i.e. s is not a codimension 1 t. n. e. of the
Newton polyhedron N at the coordinate plane (C \ 0)I .
3) Furthermore, classify all cases when the fan Φm,I (Definition 5.9) is trivial, i. e. s
is not a t. n. e. in any codimension.
As we see from the proof of Theorem 6.14, an important step would be to generalize
Lemma 6.12, i.e. to classify all Newton polyhedra N and faces B ⊂ N I such that the
following Minkowski linear combination of the fiber polytopes
∆B =
∑
Γ is a face of B
(−1)codimΓ
∫
Γ
N
is a non-trivial polyhedron.
It is easy to see that ∆B is a non-virtual polyhedron, because it equals the Newton
polyhedron of DB(f
B(y, ·)), where
– fB is a polynomial of z, whose coefficients depend analytically on y, see (⋆),
– DB is the regular A-discriminant of this polynomial of z in the sense of [15], 11.1.A.
One can moreover prove that DB itself is trivial if and only if B is a unit simplex,
however the triviality of the polyhedron ∆B (which, besides B, depends on N) is a more
subtle question.
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